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Linear Permutations and their Compositional
Inverses over Fqn
Gustavo Terra Bastos
Abstract
The use of permutation polynomials has appeared, along to their compositional inverses, as a
good choice in the implementation of cryptographic systems. Hence, there has been a demand for
constructions of these polynomials which coefficients belong to a finite field. As a particular case
of permutation polynomial, involution is highly desired since its compositional inverse is itself. In
this work, we present an effective way of how to construct several linear permutation polynomials
over Fqn as well as their compositional inverses using a decomposition of
Fq[x]
〈xn − 1〉
based on its
primitive idempotents. As a consequence, an immediate construction of involutions is presented.
Index Terms
Finite fields, linear permutations, permutation polynomials, involutions.
I. INTRODUCTION
LET Fq be a finite field with q elements, in which q is prime or a prime power. Fq
n
denotes a finite extension field of Fq, which may be seen as a n−dimensional vector
space over Fq.
A polynomial f(x) ∈ Fqn [x] is called a permutation polynomial of Fqn if the induced
mapping by it
φf : Fqn → Fqn
x 7→ φf(x) = f(x)
(1)
is a bijection of Fqn on itself. Note that it is always possible to obtain f(x) ∈ Fqn[x] from
φf by the Lagrange interpolation method.
From the finiteness of Fqn , simple conditions determine if f(x) is a permutation polyno-
mial; for instance, if f(x) is one-to-one. Nonetheless, making explicit conditions over the
coefficients of f(x) so that it is a permutation one is not an easy task.
Given f(x) a bijection/permutation polynomial of Fqn , the (unique) compositional inverse
of f(x) is denoted f−1(x) ∈ Fqn [x], in which
f(x) ◦ f−1(x) ≡ f−1(x) ◦ f(x) ≡ x mod xq
n
− x. (2)
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Recently, in [25] the authors have presented the compositional inverses of all permutation
polynomials of degree ≤ 6 over Fqn and inverses of permutation polynomial of degree 7 in
characteristic 2.
Based on the concept of complete mappings for groups, complete permutation polyno-
mials [15] are defined. If f(x) ∈ Fqn[x] is a permutation polynomial over Fqn in which
f(x) + x is also a permutation one, so f(x) is called complete permutation polynomial (or
complete mapping polynomial). In [15] several families of complete permutation polynomials
have been presented and, in particular, all complete permutation polynomials which degree
is less than 6 have been classified. Later [2], λ−complete permutation polynomials, which
are the natural extension of complete permutation polynomial have been defined, namely,
given λ ∈ Fqn , f(x) is a λ−complete permutation polynomial if f(x) and f(x) + λx are
permutation polynomials over Fqn .
In [21] it has been presented the compositional inverses of linear permutations (particular
case of permutation polynomials) of the form x+x2+Tr2n
(
x
a
)
, in which a ∈ F∗2n and Tr2n(·)
denotes the Trace map over F2n . In [20], the authors have exhibited compositional inverses
of some linear permutation binomials beyond some λ−complete permutation polynomials.
In particular, permutation polynomials, which compositional inverses are themselves, are
called involutions, i.e, f(x) ∈ Fqn[x] is an involution if (f ◦f)(x) = f
2(x) ≡ x mod xq
n
−x.
Describing explicit families of permutation polynomials and their compositional inverses
is a current research problem both to theoretic aspect and from application perspective due to
so many interesting issues in error-correcting codes, cryptography and combinatorial designs.
Just quoting a reference about the relevance of permutation polynomial studies, it is worth
mentioning [11] in which, in 1970s, the authors already used permutation polynomials/rational
functions over finite fields in order to propose some cryptographic systems. Currently, per-
mutation polynomials may be applied to S-boxes in cryptosystems acting as extra protection
layer, and their compositional inverses working on decryption process. The use of involutions
in this context appears as interesting solution once the system is not required to storage the
different permutations to the encryption-decryption process. For more recent references, see
PRINCE [3] (Use of linear involutions) and iSCREAM [8] (Use of non-linear involutions).
Based on applications of involutions in cryptography problems and even the development
of the own theory properly, in [4] the authors have developed a mathematical background for
involutions providing several constructions over 2−characteristic finite fields, making use of
linear polynomials and b−linear translators as some of the algebraic tools used in that paper.
Moreover, an analysis about fixed points for some involutions is also addressed.
In [18] the author has proposed some families of linear permutations over Fqn by making use
of a new class of linear polynomials called nilpotent linear polynomials which are defined
next: Given a positive integer t ≥ 2, L(x) ∈ Fqn[x] is a nilpotent linear polynomial if
Lt(x) = (L ◦ L ◦ ... ◦ L︸ ︷︷ ︸
t−times
)(x) ≡ 0 mod xq
n
−x. He has also proposed constructions of binary
linear involutions with no fixed points.
A characterization of when xrh (xs) is an involution over Fq has been developed in [26]
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under some restrictions over r, s and h(x). It is obtained from involutions over the set of
d−th roots of unity, in which ds = q − 1, and congruent and linear equation systems.
From the AGW-Criterion [1], in [16] some involutions with form xrh(xq−1) over Fq2
have been constructed. Moreover, the authors have approached how to explicit the com-
positional inverse and, in particular cases, the involutory property of polynomial f(x) =
g
(
xq
i
− x+ δ
)
+ cx. Finally, the fixed points of some polynomials described in this paper
have also been analyzed.
This work aims to study the behaviour of conventional q−associates of linear permutations
on the simple components of the Fq−algebra Rq,n :=
Fq[x]
〈xn − 1〉
from the primitive idempotent
perspective. In particular cases, primitive idempotents are easily described via Fq−algebra
isomorphism between Rq,n and the group algebra FqC, in which C is n−order cyclic group.
Based on in this new perspective and from the possession of some units in Rq,n, it is offered
an easy implementation technique which allow us to describe families of linear permutations
and their respective (linear) compositional inverses. In particular, families of involutions are
also described, which elements can be used once more in order to provide new involutions.
In Section II, we review the mathematical background needed for understanding linear
polynomials (and the particular cases: linear permutations and involutions) and the relationship
between linear polynomials and their conventional q−associates. Such relationship is explored
throughout this work. Further, we define primitive idempotents and analyze some properties.
In Section III, we study the cyclic shifts of linear permutations, that are linear ones as well, and
which applications will be used in Section IV. In this Section, we present linear permutations
over Fqn which coefficients are in Fq from a rereading of the famous Chinese Remainder
Theorem based on primitive idempotents. As a particular case, it is possible to get several
linear involutions over Fqn . Finally, conclusions and future problems are drawn in Section V.
II. BASICS
A. Linear Polynomials
Given f(x) ∈ Fqn [x] a permutation polynomial over Fqn , there exists g(x) ∈ Fqn [x] which
degree is less than qn and f(c) = g(c) for all c ∈ Fqn , namely, f(x) ≡ g(x) mod x
qn − x.
Thus, it is possible to represent every permutation polynomials in a reduced degree version,
i.e., permutation polynomials which degree is less than qn. From now on, we will implicitly
work only with reduced degree polynomials.
In this work, we focus on the class of the linear/linearized polynomials (also called q-
polynomials) over Fqn , which also represent the Fq−linear mappings from Fqn to itself, seen
as n−dimensional Fq−vector space. Such polynomials are described as
F (x) =
n−1∑
i=0
fix
[i] ∈ Fqn[x], (3)
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in which [i] = qi, for 0 ≤ i ≤ n − 1. We refer to permutation linear polynomials simply as
linear permutations.
The following properties are verified for linear polynomials over Fqn
(i) F (α + β) = F (α) + F (β) and
(ii) F (aα) = aF (α),
for all α, β ∈ Fqm and a ∈ Fq, in which Fqm is an arbitrary extension of Fqn . For a seminal
reference over finite fields and, in particular, polynomials over finite fields see [12].
Besides the applications of (permutation) linear polynomials in block codes, cryptography
and combinatorial designs, currently one of their subclass called subspace polynomials has
been applied in the context of random network coding [9] in order to obtain good constant
dimension codes, which are k−dimensional subspace codes. See [24] for one of the most
recent constructions and the references therein.
Let
Ln (Fqn) :=
Fqn[x]
〈xqn − x〉
(4)
:=
{
fn−1x
[n−1] + ... + f0x
[0] : fi ∈ Fqn
}
be the set of linear polynomials over Fqn . In particular, the subset of Ln (Fqn) formed
by polynomials which coefficients belong to Fq is denoted as Ln (Fq). Since the ordinary
multiplication of two linear polynomials, in general, do not provide a linear polynomial, then
one define the symbolic multiplication between two linear polynomials F (x) and G(x) as
F (x) ◦ G(x) = F (G(x)), namely, the symbolic multiplication is, in fact, the composition
operation. In this sense, considering F (x), G(x) ∈ Ln (Fqn), G(x) divides symbolically F (x)
if there is a linear polynomial H(x) ∈ Ln (Fqn) so that G(x) ◦H(x) = F (x). It is trivial to
notice that ◦ is not a commutative operation, but it is associative. Hence, in possession of the
usual sum and scalar product, besides the polynomial composition/symbolic multiplication,
the set Ln (Fqn) is in fact a non-commutative Fq-algebra. In particular, Pn (Fqn) ⊂ Ln (Fqn)
describes the non-abelian group under the composition operation formed by the linear per-
mutations. For more information about the algebraic structure of Ln (Fqn) and its several
isomorphic forms as group algebra, matrix algebra and etc., we recommend [22].
Definition 1. The polynomials
f(x) =
n−1∑
i=0
fix
i and F (x) =
n−1∑
i=0
fix
[i] (5)
over Fqn are called q−associates of each other. More specifically, f(x) is the conventional
q−associate of F (x) and F (x) is the linearized q−associate of f(x).
Henceforth, we denote linear polynomials with capital letters and their conventional
q−associates with small letters.
vLemma 2. [12, Lemma 3.59] Let F (x) and G(x) be linear polynomials over Fq with
conventional q−associates f(x) and g(x). Then h(x) = f(x)g(x) and H(x) = F (x) ◦G(x)
are q−associates of each other.
Theorem 3. [12, Theorem 3.62] Let F (x) and G(x) be linear polynomials over Fq with
conventional q−associates f(x) and g(x). Then the following properties are equivalent:
(i) F (x) symbolically divides G(x);
(ii) F (x) divides G(x) in the ordinary sense;
(iii) f(x) divides g(x).
It is important to stress that the Lemma 2 and Theorem 3 will be used freely during all
this work.
Another useful theoretical consideration used in this work comes from the classical Rank-
Nullity Theorem, in which the linear polynomial F (x) ∈ Ln (Fqn) is a linear permutation if
and only if 0 is its only root in Fqn .
B. Primitive Idempotents
In [5] the authors used linear polynomials in order to get good cyclic codes [14]. In this
work, we somehow take the opposite way, i.e, the idempotent generators of cyclic codes are
used in order to provide a linear permutation (linear polynomial) construction.
From now on, we take positive integers n and q so that gcd(n, q) = 1. Based on well-known
Chinese Remainder Theorem, the ring Rq,n =
Fq[x]
〈xn − 1〉
can be decomposed as
Rq,n =
Fq[x]
〈xn − 1〉
∼=
Fq[x]
〈f1(x)〉
⊕
Fq[x]
〈f2(x)〉
⊕ . . .⊕
Fq[x]
〈ft(x)〉
,
∼= Fq (ξ1)⊕ Fq (ξ2)⊕ . . .Fq (ξt) (6)
in which fi(x) are the distinct irreducible factors of x
n − 1 and Fq (ξi) are finite extensions
of Fq given by roots of fi(x), for 1 ≤ i ≤ t. The minimal ideals
Fq[x]
〈fi(x)〉
(or Fq (ξi)) in the
decomposition of Rq,n in (6) are called its simple components.
Definition 4. A polynomial e(x) of Rq,n is an idempotent if e(x) ≡ e
2(x) = e(x)e(x)
mod xn − 1.
Since Rq,n is a semisimple ring [17], there exists a family {e1(x), e2(x), ..., et(x)} of non-
zero elements in Rq,n, called (orthogonal) primitive idempotents of Rq,n, so that
(i) If i 6= j, then
ei(x)ej(x) ≡ 0 mod x
n − 1, (7)
for 1 ≤ i 6= j ≤ t.
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(ii)
e1(x) + e2(x) + ...+ et(x) = 1. (8)
(iii) ei(x) cannot be written as ei(x) = e(x) + e˜(x), in which e(x) and e˜(x) are non-zero
idempotents so that e(x)e˜(x) = 0, 1 ≤ i ≤ t.
Remark 5. Notice that all non-primitive idempotents e(x) can be written as a sum of some
primitive idempotents.
Idempotents and divisors of xn−1 in Rq,n are related. On next result, given g(x) a divisor
of xn − 1 in Rq,n, we have
Theorem 6. [14, Theorem 1, pag. 217]
(i) A cyclic code or ideal C = 〈g(x)〉 contains a unique idempotent e(x) so that C = 〈e(x)〉.
Also e(x) = p(x)g(x) for some polynomial p(x), and e (αi) = 0 iff g (αi) = 0.
(ii) c(x) ∈ C if and only if c(x)e(x) = c(x).
More information and results about semisimple rings and other considerations about their
algebraic structure based on idempotents, see [17].
Remark 7. Notice that the simple components of Rq,n are generated by primitive idempotents
as well. For more information, see [14, pg.219].
III. α−CYCLIC SHIFT AND LINEAR PERMUTATIONS
The motivation of this section comes from the fact that composition of linear permutations is
also a linear permutation. From an equivalence relation defined next, we provide large trivially-
constructed families of linear permutations. We also analyze under which conditions such
equivalence relation can be used, in order to get the corresponding compositional inverses,
in particular, involutions over Fqn . The results of this section may be applied to further
constructions as it will be seen on next Section.
The following basic result will guide all the discussions proposed in this section
Proposition 8. If F (x) ∈ Ln (Fqn) is a linear permutation over Fqn , then F (x) ◦ αx
[1] ∈
Ln (Fqn) is also a linear permutation of Fqn , for any α ∈ F
∗
qn .
Proof. Since gcd (qn − 1, q) = 1, it follows from [12, Theorem 7.8, (ii)] that the monomial
x[1] is a linear permutation of Fqn . Hence, αx
[1] so is for any α ∈ F∗qn . Therefore, since
F (x) ◦ αx[1] is a composition of linear permutations, the result follows.
Hence, if F (x) =
n−1∑
i=0
fix
[i] ∈ Ln (Fqn) and α ∈ F
∗
qn , then
F (x) ◦ αx[1] =
n−1∑
i=0
α[i]fix
[i+1], (9)
vii
in which the superscripts are taken modulo n.
In [7], it has been introduced the concept of cyclically permutable codes, which are
n−length block codes in Fn2 . For a more general definition of cyclically permutable codes
and their applications in some communication problems, see [19] and references therein.
In this section, we adapt the classical definitions of cyclic order and cyclic equivalence class
arising from cyclically permutable codes constructed in Rq,n to linear polynomials in Ln (Fqn).
Originally, let c(x) ∈ Rq,n. If S(·) denotes the cyclic shift operator, i.e., S(c(x)) = xc(x) taken
modulo xn−1, then there is a least integer 1 ≤ m ≤ n so that Sm(c(x)) = Sm−1 (S(c(x))) ≡
c(x) mod xn − 1, which it is called cyclic order of c(x). If d(x) ≡ xtc(x) mod xn − 1,
1 ≤ t ≤ n − 1, then d(x) is cyclically equivalent to c(x) in Rq,n. Extending the definitions
above to Ln (Fqn)−context, denote Sα(·) the (left) α−cyclic shift operator, for some α ∈ F
∗
qn ,
as Sα(F (x)) ≡ F (x) ◦ αx
[1] mod x[n] − x. In particular, for α = 1 the corresponding cyclic
shift in Ln (Fqn) is equal to its equivalent in Rq,n and we will adopt the same notation. Given
the least integer m so that Smα (F (x)) = (Sα ◦ ... ◦ Sα)︸ ︷︷ ︸
m−times
(F (x)) ≡ F (x) mod x[n] − x such
integer m is called as α−cyclic order of F (x). For F (x) a linear permutation over Fqn , this
m is computed below
Theorem 9. Let β be a primitive element of Fqn . If F (x) ∈ Ln (Fqn) is a linear permutation
over Fqn , α = β
l, for 1 ≤ l ≤ qn−2, and t the least positive integer so that lt ≡ 0 mod q−1,
then the α−cyclic order of F (x) is m = tn.
Proof. Let t be the least positive integer so that lt ≡ 0 mod q − 1. Since F (x) is a linear
permutation, it is clear that the 1−cyclic order of F (x) is n because, given least positive
integer m ≤ n so that F (x) ◦ x[m] ≡ F (x) mod x[n] − x, we have
x[m] ≡ F−1(x) ◦ F (x) ◦ x[m] ≡ F−1(x) ◦ F (x)
≡ x mod x[n] − x, (10)
namely, m = n. Consequently,
Snα(F (x)) = α
[0]+[1]+...+[n−1]F (x) = N(α)F (x), (11)
in which N(·) = NFqn/Fq(·) denotes the norm function from Fqn to Fq. So, after applying tn
times the α−cyclic shift operator Sα(·) over F (x), one have
Stnα (F (x)) = (S
n
α ◦ . . . ◦ S
n
α)︸ ︷︷ ︸
t−times
(F (x))
≡ N t(α)F (x) = N
(
αt
)
F (x)
≡ N
(
βM(q−1)
)
F (x)
≡ NM
(
βq−1
)
F (x)
≡ F (x) mod x[n] − x, (12)
since N(γ) = 1 if and only if γ = δq−1.
From now on, we assume that β is a primitive element of Fqn .
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Given F (x) ∈ Ln (Fqn) a linear permutation, notice that its α−cyclic order is tn, for
1 ≤ t ≤ q−1, and it depends on α only. We say F (x) has maximal α−cyclic order (q−1)n,
when α = βl so that gcd(l, q − 1) = 1. Thus, just for simplification and into the context of
this paper, we refer such α as maximal cyclic order element in Fqn .
Furthermore, G(x) ∈ Ln (Fqn) is α−cyclically equivalent to F (x) if S
ml
α (G(x)) ≡ F (x)
mod x[n] − x, for some 1 ≤ m ≤ q − 1 and 1 ≤ l ≤ n.
Corollary 10. Given F (x) ∈ Ln (Fqn) a linear permutation and α ∈ F
∗
qn a maximal cyclic
order element, then the α−cyclic equivalence class of F (x) yields (q − 1)n distinct linear
permutations in Ln (Fqn).
Proposition 11. Let F (x) ∈ Ln (Fqn) be a linear permutation, in which gcd(n, q − 1) = 1.
If its t−th α−cyclic shift is G(x) ≡ Stα(F (x)), for α ∈ F
∗
q that is a primitive element, then
the corresponding compositional inverse is G−1(x) ≡ S
(q−1)n−t
α (F−1(x)).
Proof. Calling T (x) = S
(q−1)n−t
α (F−1(x)) and N = (q − 1)n, we have
G(T (x)) ≡ F (x) ◦ αx[1] . . . ◦ αx[1]︸ ︷︷ ︸
t−times
◦F−1(x) ◦ αx[1] . . . αx[1]︸ ︷︷ ︸
N−t−times
(13)
Since αx[1] ∈ Z (Ln (Fqn)), the center of the ring Ln (Fqn), the Equation (13) can be rewritten
as
G(T (x)) ≡ F (x) ◦ F−1(x) ◦ αx[1] ◦ . . . ◦ αx[1]︸ ︷︷ ︸
(q−1)n−times
≡ F (x) ◦ F−1(x)
≡ x mod x[n] − x (14)
once F−1(x)◦αx[1] ◦ . . . ◦ αx[1]︸ ︷︷ ︸
(q−1)n−times
≡ S
(q−1)n
α (F−1(x)) ≡ F−1(x) by Corollary 10. Thus, indeed,
T (x) ≡ G−1(x) mod x[n] − x.
As a simple but important observation used on next Section, if F (x) ∈ Ln (Fqn) is a linear
permutation, then the compositional inverse of S(F (x)) is Sn−1(F−1(x)).
Corollary 12. In addition of the hypothesis of the Proposition 11, let F (x) ∈ Ln (Fqn) be
an linear involution, in which 2|(q − 1)n. Then S
(q−1)n
2
α (F (x)) is also an linear involution in
Ln (Fqn).
Proof. It is clear from the Equation (13) and t =
(q − 1)n
2
.
According to this section, it is possible to obtain several linear permutations in a trivial way;
just using the α−cyclic shifts of a given linear permutation. This construction is effective for
the results proposed on next section, since it will be needed to use conventional q−associates
of known linear permutations in order to get others, this time in a non-trivial way. The same
construction can be applied in to order to yield their respective compositional inverses and,
ix
once again, the α−cyclic shifts may develop an important role. In particular, these ideas may
be applied to involution constructions.
IV. A LINEAR PERMUTATION CONSTRUCTION BASED ON PRIMITIVE IDEMPOTENTS
Since linear polynomials in Ln (Fqn) can be seen as linear operators over Fqn , notably it is
known they are linear permutations if and only if their kernels are trivial. In the particular case
in which their coefficients are in Fq, by Theorem 3 this is equivalent to state their respective
q−conventional associates and xn − 1 ∈ Fq[x] are coprimes. This well-known consideration
will be taken during all this section.
It is worth recalling (See page 3) Rq,n :=
Fq[x]
〈xn − 1〉
, in which gcd(q, n) = 1.
Next, we present the main result of this work.
Theorem 13. Let F (x) ∈ Ln (Fq), f(x) be its corresponding conventional q−associate and
E := {e1(x), ..., et(x)} the family of the primitive idempotents in Rq,n. F (x) is a linear
permutation over Fqn if and only if
f(x)ei(x) 6≡ 0 mod x
n − 1, (15)
for all 1 ≤ i ≤ t.
Proof. Let f(x) be the conventional q−associate of F (x). According to the discussion above,
showing that F (x) is a linear permutation over Fqn is equivalent to show that
gcd (f(x), xn − 1) = 1.
Suppose F (x) is not a linear permutation over Fqn , namely, there exists 1 6= g(x) ∈ Rq,n
so that gcd (f(x), xn − 1) = g(x). From Theorem 6, there also exists an unique idempotent
1 6= e(x) ∈ Rq,n so that f(x) ∈ 〈g(x)〉 = 〈e(x)〉. Without loss of generality, e(x) = e1(x) +
e2(x) + ... + el(x), 1 ≤ l < t, is written as a sum of primitive idempotents. Since
f(x) ≡ h(x)e(x) mod xn − 1, (16)
for some h(x) ∈ Rq,n, then
f(x)et(x) ≡ h(x)e(x)et(x) ≡ 0 mod x
n − 1, (17)
(See (7)) contradicting the hypothesis.
Conversely, suppose there is a primitive idempotent ei(x) ∈ E so that f(x)ei(x) ≡ 0
mod xn − 1. Since (f(x), xn − 1) = 1 and xn − 1|f(x)ei(x), then x
n − 1|ei(x), which is
impossible, since the degree of ei(x) is less than n and ei(x) 6≡ 0.
The following Corollary provides a simple criterion when a linear polynomial is not a
linear permutation.
Corollary 14. Let F (x) ∈ Ln (Fq). If the sum of the coefficients of F (x) is equivalent to 0
in Fq, then F (x) is not a linear permutation over Fqn .
xProof. By Theorem 13, F (x) is not a linear permutation, since there is at least one primitive
idempotent ei(x) of Rq,n so that the product f(x)ei(x) ≡ 0 mod x
n − 1. Consider the
polynomial e(x) =
1
n
n−1∑
i=0
xi. It is well-known [17, Lemma 3.6.6] that e(x) is an idempotent
in Rq,n, which proof we reproduce here, just for completeness
e(x)e(x) ≡
(
1
n
n−1∑
i=0
xi
)(
1
n
n−1∑
i=0
xi
)
≡
1
n2
n−1∑
i=0
xi
(
n−1∑
i=0
xi
)
≡
1
n2
n−1∑
i=0
nxi
≡
1
n
n−1∑
i=0
xi
≡ e(x) mod xn − 1. (18)
Further, since [17, Proposition 3.6.7] 〈e(x)〉 ∼= Fq (G/G) = Fq, then 〈e(x)〉 is a simple
component and, consequently, e(x) is a primitive idempotent in Rq,n. Hence, F (x) =
n−1∑
i=0
fix
[i]
is not a linear permutation over Fqn if f(x)e(x) ≡ 0 mod x
n − 1, i.e.,(
n−1∑
i=0
fix
i
)(
1
n
n−1∑
i=0
xi
)
≡
n−1∑
j=0
(
n−1∑
i=0
fi
)
xj ≡ 0 mod xn − 1,
namely,
n−1∑
i=0
fi ≡ 0 mod q, (19)
and the result follows.
Based on Theorem 13, we provide explicit families of linear permutations over Fqn , in
which q and n must satisfy some prescribed conditions. In this work, linear permutations are
obtained using the construction of primitive idempotents in group algebras given in [6], which
uses the group structure in order to get them in an uncomplicated way. Before presenting it,
we take into consideration the natural Fq− algebra isomorphism between the group algebra
FqC and Rq,n, in which C = 〈c〉 is a n-order cyclic group generated by c, i.e.
ϕ : FqC → Rq,n
f0 + ...+ fn−1c
n−1 7→ f0 + ...+ fn−1x
n−1.
(20)
On next lemma, given Ci a subgroup of C, define Ĉi =
1
|Ci|
∑
c∈Ci
c ∈ FqC. The notation of
such lemma will be slightly altered in order to match with that one used in this work, that
is, we adapt it to polynomial context.
xi
Lemma 15. [6, Lemma 3] Let Fq be a finite field, let p be a rational prime and let C = 〈c〉
be a cyclic group of order pm, m ≥ 1. Let
C = C0 ⊇ C1 ⊇ Cm = {1} (21)
be the descending chain of all subgroups of C. Then the elements
e0 = Ĉ and ei = Ĉi − Ĉi−1, 1 ≤ i ≤ m (22)
form a set of orthogonal idempotents of FqC so that e0 + e1 + ...+ em = 1.
On next Corollary, U (Zpm), o(·) and φ(·)mean the subgroup of units in Zpm , the multiplica-
tive order of an element in U (Zpm) and the classical Euler’s Totient function, respectively.
Once more, we slightly altered the writing of this Corollary in order to preserve the same
notation throughout the work.
Corollary 16. [6, Corollary 4] Let Fq be a finite field, and let C be a cyclic group of order
pm. Then, the set of idempotents given in Lemma 15 is the set of primitive idempotents of
FqC if and only if one of the following holds:
(i) p = 2, and either m = 1 and q is odd or m = 2 and q ≡ 3 mod 4 or
(ii) p is an odd prime and o(q) = φ (pm) in U (Zpm).
According to [6], it is also possible to describe all primitive idempotents of FqC, in which
C is 2pm−order cyclic group. See [6, Theorem 3.2].
Remark 17. Based on isomorphism (20), we will adopt the polynomial notation in order to
present the primitive idempotents of Rq,pm , consequently, families of linear permutations over
Fqpm .
It is important to stress that there are more general constructions of primitive idempotents
which may be adapted to this work, providing linear permutations in Ln (Fq), in which n is
not restricted to pn or 2pn.
Example 18. Let F (x) = f0x+ f25x
[25] + f124x
[124] ∈ L125 (F3). Since o(3) = 100 = φ(125)
in U (Z125), then the primitive idempotents of R3,125 are
(i) e0(x) =
1
125
124∑
i=0
xi ≡ 2
124∑
i=0
xi
(ii) e1(x) =
1
25
24∑
i=0
x5i −
1
125
124∑
i=0
xi ≡
24∑
i=0
x5i +
124∑
i=0
xi
(iii) e2(x) =
1
5
4∑
i=0
x25i −
1
25
24∑
i=0
x5i ≡ 2
4∑
i=0
x25i +
24∑
i=0
x5i
(iv) e3(x) = 1−
1
5
4∑
i=0
x25i ≡ 1 +
4∑
i=0
x25i.
Taking the conventional 3−associate of F (x), f(x) = f0 + f25x
25 + f124x
124, and based
on the products f(x)ei(x) 6≡ 0 mod x
125 − 1, for all 0 ≤ i ≤ 3, the Table I describes all
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respective linear permutations (linearized 3−associates) over F3125 which coefficients are in
F3. Since one of the monomials and each linear permutation from the first column are not
cyclically equivalent to each other, it is still possible to apply the Sn(·)−operator in each
one in order to get more 125 linear permutations (repeating the other two monomials).
TABLE I
SOME LINEAR PERMUTATION OVER F3125
x 2x
x[25] 2x[25]
x[124] 2x[124]
x[25] + x 2x[25] + 2x
x[124] + x 2x[124] + 2x
x[124] + x[25] 2x[124] + 2x[25]
2x[124] + x[25] + x x[124] + 2x[25] + 2x
x[124] + x[25] + 2x 2x[124] + 2x[25] + x
x[124] + 2x[25] + x 2x[124] + x[25] + 2x
Corollary 19. Let Fq be a finite field and p an rational odd prime so that o(q) = φ (p
m) in
U (Zpm). Given F (x) =
n−1∑
i=0
fix
[i] ∈ Lpm (Fq), if
(i)
pm−1∑
j=0
fj 6≡ 0 and
(ii) −p−m+i−1
pm−i+1−1∑
j=0,
p∤j
fpm−jpi−1 +
(
p−m+i − p−m+i−1
) pm−i+1−1∑
j=0,
p|j
fpm−jpi−1 6≡ 0,
over Fq, for all 1 ≤ i ≤ m in which all subscripts are taken mod p
m, then F (x) is a linear
permutation over Fqpm .
Proof. According to Theorem 13, we should demonstrate that the product of the conventional
q−associate of F (x), f(x), with all primitive idempotents of Rq,pm are not equivalent to zero.
From Corollary 16-(ii), the idempotents
e0(x) = Â0 = p
−m
(
1 + x+ x2 + ...+ xp
m−1
)
and
ei(x) = Âi − Âi−1
= p−m+i
(
1 + xp
i
+ ...+ xp
i(pm−i−1)
)
− p−m+i−1
(
1 + xp
i−1
+ ... + xp
i−1(pm−i+1−1)
)
=
pm−i+1−1∑
j=0,
p∤j
−p−m+i−1xjp
i−1
+
pm−i+1−1∑
j=0,
p|j
(
p−m+i − p−m+i−1
)
xjp
i−1
, (23)
1 ≤ i ≤ m, correspond to all primitive idempotents of Rq,pm .
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A trivial way to ensure that the products f(x)ei(x) are 6≡ 0 mod x
pm−1, for all 0 ≤ i ≤ m,
it is, for instance, to guarantee that each independent term of every product is non-zero over
Fq. Defining gi(x) =
n−1∑
j=0
gi,jx
j and ei(x) =
n−1∑
j=0
ei,jx
j , 0 ≤ i ≤ m, so that gi(x) ≡ f(x)ei(x)
mod xp
m
− 1, we have
g0,0 ≡
pm−1∑
j=0
fpm−je0,j ⇒
pm−1∑
j=0
fj 6≡ 0 and
gi,0 ≡
pm−i+1−1∑
j=0
fpm−jpi−1ei,jpi−1
≡
pm−i+1−1∑
j=0,
p∤j
fpm−jpi−1ei,jpi−1 +
pm−i+1−1∑
j=0,
p|j
fpm−jpi−1ei,jpi−1
≡ −p−m+i−1
pm−i+1−1∑
j=0,
p∤j
fpm−jpi−1 +
(
p−m+i − p−m+i−1
) pm−i+1−1∑
j=0,
p|j
fpm−jpi−1
6≡ 0, (24)
over Fq, for each 1 ≤ i ≤ m, and all these subscripts into the summations are taken
mod pm.
Remark 20. It is worth mentioning that the proof of the Corollary 19 has been done consid-
ering only coefficients from the independent terms of the polynomials gi(x), for 1 ≤ i ≤ m.
However, it could be done choosing any other coefficients from these polynomials.
Corollary 21. Let F (x) = fix
[i] + fjx
[j] ∈ Ln
(
F∗q
)
, in which 0 ≤ i < j ≤ n− 1. F (x) is a
linear permutation over Fqn if and only if fi + fj 6≡ 0 over Fq.
Proof. If F (x) is a linear permutation, then fi + fj 6≡ 0 in Fq, according to Corollary 14.
Conversely, let E = {e1(x), ..., et(x)} be the set of primitive idempotents of Rq,n. In order
to ensure that F (x) is a linear permutation over Fqn , beyond the condition fi + fj 6≡ 0, we
have other t−1 conditions αlfi+βlfj = δl 6≡ 0, each one seen as a coefficient of the products
f(x)el(x) mod x
n − 1, in which 2 ≤ l ≤ t and αl, βl, δl ∈ Fq. Thus, we have the following
equation system

fi + fj = δ1
α2fi + β2fj = δ2
...
αtfi + βtfj = δt
. (25)
Applying the Gaussian Elimination on (25) when needed, this equation system is reduced
to the first equation and the other equations are simply descriptions of the non-zero element
fi (or fj) based on elements of Fq. Therefore, the result follows.
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Example 22. Still working on R3,125 as in Example 18, consider F (x) = f64x
[64]+ f63x
[63]+
f62x
[62] + f0x ∈ L125 (F3). Based on Corollary 14, such linear polynomial is a linear
permutation over F3125 if
2f0 + 2f62 + 2f63 + 2f64 6≡ 0
2f0 + f62 + f63 + f64 6≡ 0
f0 6≡ 0
2f0 6≡ 0
(26)
over F3. Hence,
F1(x) = x
[64] + x[63] + x[62] + 2x,
F2(x) = 2x
[64] + 2x[63] + 2x[62] + 2x,
F3(x) = 2x
[64] + x[63] + x and
F4(x) = x
[64] + 2x[63] + x
are some examples of linear permutations over F3125 which satisfy (26). Moreover, observe
that they are non-α−cyclically equivalent, for α ∈ F∗3125 .
Note that the restrictions imposed by Corollary 19 might be simplified. On Example 22/Equation (26),
it could be reduced only to F (x) ∈ L125 (F3) so that f0 + f62 + f63 + f64 6≡ 0 and f0 6= 0.
The Corollary 19 is useful to describe some λ−complete linear permutations [2] over Fqpm ,
for λ ∈ Fq. In fact, it inspires a more general definition (defined in [20], but not named like
that) which we call A−complete linear permutations, in which A ⊂ Fq.
Definition 23. Let f(x) be a permutation polynomial over Fqn . Given A ⊂ Fqn , we define
f(x) is a A-complete permutation polynomial over Fqn if f(x) + λx is also a permutation
polynomial over Fqn , for all λ ∈ A.
From the definition above, it is straightforward A 6= ∅, since 0 ∈ A.
It is possible to adapt the Corollary 19 in order to offer conditions on F (x) so that it is
A−complete linear permutation over Fqpm .
Corollary 24. Let A = {0, λ2, ..., λm} ⊂ Fq and p an rational odd prime so that o(q) = φ (p
m)
in U (Zpm). Given F (x) =
n−1∑
i=0
fix
[i] ∈ Lpm (Fq), if
(i)
pm−1∑
j=0
fj 6≡ −λl and
(ii) −p−m+i−1
pm−i+1−1∑
j=0,
p∤j
fpm−jpi−1 +
(
p−m+i − p−m+i−1
) pm−i+1−1∑
j=0,
p|j
fpm−jpi−1
6≡ − (p−m+i − p−m+i−1) λl,
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over Fq, for all 1 ≤ i ≤ m and all λl ∈ A, then F (x) is a A−complete linear permutation
over Fqpm .
Example 25. We know F (x) = ftx
[t] ∈ L11 (F8) (See [12, Theorem 7.8, (ii)]) is a linear
permutation over F811 , for any 0 ≤ t ≤ 10. Since o(8) = 10 = φ(11) in U (Z11), so the
primitive idempotents of R8,11 are
e0(x) =
10∑
i=0
xi and e1(x) = 1− e0(x). (27)
From Corollary 21, we observe that F (x) + λx is also a linear permutation over F811 if
and only if λ 6= −ft, namely, F (x) is a F8 \ {−ft}−complete linear permutation over F811 .
Next, it is presented a way to construct linear permutations and their compositional inverses
over Fqn by the use of units in Rq,n; equivalently conventional q−associates of linear permu-
tations in Ln (Fq). Once more, the use of primitive idempotents comes as an essential tool,
since we analyze the projections of F (x) ∈ Ln (Fq) over the simple components generated
by the primitive idempotents. As it will be seen, the task of getting units on Rq,n may be
easily simplified using some constructions of Section III.
Theorem 26. Let E = {e1(x), ..., et(x)} be the set of primitive idempotents of Rq,n. Given
F (x) ∈ Ln (Fq) a linear permutation over Fqn and f(x) its conventional q−associate, then
f(x) can be written as
f(x) ≡
t∑
i=1
fi(x)ei(x) mod x
n − 1, (28)
in which gcd (fi(x), x
n − 1) = 1, for 1 ≤ i ≤ t. Furthermore, the conventional q−associate
of the compositional inverse of F (x) is given as
f−1(x) ≡
t∑
i=1
f−1i (x)ei(x) mod x
n − 1. (29)
Every polynomial f(x) (respectively f−1(x)) is uniquely determined by vector
(f1(x), ..., ft(x)) (respectively (f
−1
1 (x), ..., f
−1
t (x))).
Proof. Given F (x) ∈ Ln (Fq) a linear permutation over Fqn , from Theorem 13 we have
f(x)ei(x) 6≡ 0 mod x
n − 1, for all 1 ≤ i ≤ t. We may assume that f(x)ei(x) ≡ fi(x)ei(x)
mod xn − 1 and gcd (fi(x), x
n − 1) = 1, for all 1 ≤ i ≤ t, since 〈ei(x)〉 corresponds to
simple component/finite field in Rq,n. Indeed, if gcd (fi(x), x
n − 1) = g(x) 6= 1, then there is
an idempotent e(x) = ei1(x)+...+eij(x), I := {i1, ..., ij} ⊂ {1, .., t}, so that 〈g(x)〉 = 〈e(x)〉,
and
fi(x) ≡ hi(x)g(x) ≡ hi(x)e(x) mod x
n − 1 (30)
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in which hi(x), hi(x) ∈ Rq,n and gcd (hi(x), x
n − 1) = gcd
(
hi(x), x
n − 1
)
= 1. Thus
fi(x)ei(x) ≡ hi(x)e(x)ei(x) ≡

0, if i 6∈ I
hi(x)ei(x), otherwise
. (31)
Notice the first case above contradicts f(x) being unit on Rq,n. Hence, without loss of
generality, we may assume gcd (fi(x), x
n − 1) = 1.
So, since
t∑
i=1
ei(x) = 1 (See Equation (8)) and from
f(x)e1(x) ≡ f1(x)e1(x) mod x
n − 1
... (32)
f(x)et(x) ≡ ft(x)et(x) mod x
n − 1,
we have f(x) ≡
t∑
i=1
fi(x)ei(x) mod x
n − 1. In particular, since gcd (fi(x), x
n − 1) = 1,
each equivalence in (32) can be rewritten as f(x)f−1i (x)ei(x) ≡ ei(x) mod x
n − 1, for all
1 ≤ i ≤ t, consequently, we have
f(x)
t∑
i=1
f−1i (x)ei(x) ≡
t∑
i=1
ei(x) ≡ 1 mod x
n − 1, (33)
therefore, f−1(x) ≡
t∑
i=1
f−1i (x)ei(x) mod x
n − 1.
Finally, it is clear to observe that the decomposition of F (x) over the simple components
of Rq,n is unique. Indeed, by the isomorphism (6), given G(x), F (x) ∈ Ln (Fq), their corre-
sponding conventional q−associates f(x) and g(x) are equal if and only if their projections
over the simple components are all equal, namely, fi(x)ei(x) ≡ gi(x)ei(x) mod x
n − 1, for
all 1 ≤ i ≤ t.
From known constructions for linear permutations in Ln (Fq), that is, from simplest ones
as monomials λx, λ ∈ F∗q , to linear permutations of the type x+x
2+Tr2n
(
x
a
)
over F2n [21],
in which a ∈ F∗2n , their corresponding conventional q−associates may be used along with
Theorem 26 in order to provide new linear permutations.
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Example 27. From Corollary 16, the respective polynomials below are in fact primitive
idempotents in R3,25
e0(x) = x
24 + x23 + x22 + x21 + x20 + x19 + x18 + x17
+ +x16 + x15 + x14 + x13 + x12 + x11 + x10 + x9
+ x8 + x7 + x6 + x5 + x4 + x3 + x2 + x+ 1
e1(x) = 2x
24 + 2x23 + 2x22 + 2x21 + x20 + 2x19 + 2x18
+ 2x17 + 2x16 + x15 + 2x14 + 2x13 + 2x12 + 2x11
+ +x10 + 2x9 + 2x8 + 2x7 + 2x6 + x5 + 2x4
+ 2x3 + 2x2 + 2x+ 1 and
e2(x) = x
20 + x15 + x10 + x5 + 2. (34)
According to Theorem 26, in order to obtain a linear permutation F (x) and its respective
compositional inverse, it is enough to get units f0(x), f1(x), f2(x) ∈ R3,25, once the conven-
tional 3−associate of F (x), f(x), comes from as f(x) ≡
2∑
i=0
fi(x)ei(x) mod x
25 − 1. When
we exchange the order of the polynomials fi(x) in this sum, it provides other conventional
3−associates of linear permutations. Indeed, take
f0(x) = x
20 + 2x15 + 1, (35)
which is a unit in R3,25. Assume f1(x) = x
21 +2x16 + x and f2(x) = x
22 +2x17 + x2, which
are also units in R3,25, once they are left-cyclic shifts of f0(x) (See Proposition 8). Since
f−10 (x) = 2x
20 + 2x10 + x5 + 2, consequently
f−11 (x) = 2x
24 + 2x19 + 2x9 + x4 ≡ x24f−10 (x) and
f−12 (x) = 2x
23 + 2x18 + 2x8 + x3 ≡ x23f−10 (x),
so the polynomials
fσ(x) ≡
2∑
i=0
fσ(i)(x)ei(x) mod x
25 − 1, (36)
for σ ∈ S3 (symmetric group), and
f−1σ (x) ≡
2∑
i=0
f−1σ(i)(x)ei(x) mod x
25 − 1 (37)
are inverses of each other. The corresponding linearized 3−associates and their respective
compositional inverses are described at Table II.
In particular, the Theorem 26 is also a very useful tool in the search of involutions over
Fqn .
Corollary 28. Let E = {e1(x), ..., et(x)} be the set of primitive idempotents of Rq,n. F (x) ∈
Ln (Fq) is an linear involution over Fqn if and only if its conventional q−associate is
f(x) ≡
t∑
i=1
fi(x)ei(x) mod x
n − 1, (38)
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TABLE II
SOME LINEAR PERMUTATIONS OVER F325 AND THEIR COMPOSITIONAL INVERSES
S3 F (x) F
−1(x)
Id
2x[22] + 2x[21] + 2x[16] + x[12] + 2x[11] 2x[24] + 2x[19] + 2x[14] + x[13] + 2x[9]
+x[7] + 2x[6] + 2x[2] + 2x[1] +2x[4] + 2x[3]
(012)
2x[22] + 2x[20] + 2x[17] + 2x[12] + x[10] 2x[23] + 2x[18] + x[15] + 2x[13] + 2x[8]
+2x[7] + x[5] + 2x[2] + 2x +2x[5] + 2x[3]
(021)
2x[21] + 2x[20] + 2x[15] + x[11] + 2x[10] 2x[20] + 2x[15] + x[14] + 2x[10] + 2x[5]
+x[6] + 2x[5] + 2x[1] + 2x +2x[4] + 2x
(02)
2x[21] + 2x[20] + 2x[16] + 2x[11] + x[10] 2x[24] + 2x[19] + x[15] + 2x[14] + 2x[9]
+2x[6] + x[5] + 2x[1] + 2x +2x[5] + 2x[4]
(12)
2x[22] + 2x[21] + 2x[17] + 2x[12] + x[11] 2x[23] + 2x[18] + x[14] + 2x[13] + 2x[8]
+2x[7] + x[6] + 2x[2] + 2x[1] +2x[4] + 2x[3]
(01)
2x[22] + 2x[20] + 2x[15] + x[12] + 2x[10] 2x[20] + 2x[15] + x[13] + 2x[10] + 2x[5]
+x[7] + 2x[5] + 2x[2] + 2x +2x[3] + 2x
in which f 2i (x) ≡ 1 mod x
n − 1, for all 1 ≤ i ≤ t.
Notice that Rq,n is not a finite field; in fact it is a ring with zero divisors. Hence, the
polynomial Xn− 1 may have more than n roots in Rq,n[X ]. In particular, f
2
i (x)− 1 = 0 has
at least two solutions in Rq,n: fi(x) ∈ {1,−1} ⊂ Fq. With this trivial information, it becomes
very simple to construct some involutions over Fqn , namely,
±e0(x)± e1(x)± . . .± et(x) mod x
n − 1 (39)
describe several conventional q−associates of involutions over Fqn . In addition, the involutions
obtained in (39) may be used to get other linear involutions over Fqn .
Example 29. From Corollary 16, the respective polynomials below are in fact primitive
idempotents in R11,9
e0(x) = 5x
8 + 5x7 + 5x6 + 5x5 + 5x4 + 5x3 + 5x2
+ 5x+ 5
e1(x) = 6x
8 + 6x7 + 10x6 + 6x5 + 6x4 + 10x3 + 6x2
+ 6x+ 10 and
e2(x) = 7x
6 + 7x3 + 8.
As noted before, f(x) ≡
2∑
i=0
fi(x)ei(x) mod x
9 − 1, in which fi(x) ∈ {1, 10} ⊂ F11,
describe conventional 11−associates of involutions F (x) ∈ L9 (F11) over F119 . The Table III
presents all involutions obtained from this way. Such involutions may be applied again to
Corollary 28 to get other ones.
V. CONCLUSION
In this work, we have presented a simple way to construct a lot linear permutations over Fqn
and their respective compositional inverses, examining the projections of the corresponding
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TABLE III
INVOLUTIONS OVER F119
f0(x), f1(x), f2(x) F (x)
1, 1, 1 x
1, 1, 10 8x[6] + 8x[3] + 7x
1, 10, 10 10x[8] + 10x[7] + 10x[6] + 10x[5] + 10x[4] + 10x[3] + 10x[2] + 10x[1] + 9x
1, 10, 1 10x[8] + 10x[7] + 2x[6] + 10x[5] + 10x[4] + 2x[3] + 10x[2] + 10x[1] + 3x
10,1,1 x[8] + x[7] + x[6] + x[5] + x[4] + x[3] + x[2] + x[1] + 2x
10,10,1 3x[6] + 3x[3] + 4x
10,1,10 x[8] + x[7] + 9x[6] + x[5] + x[4] + 9x[3] + x[2] + x[1] + 8x
10,10,10 10x
conventional q−associates over the simple components generated by primitive idempotents
of Rq,n. Particularly, the matter of getting involutions has also been addressed in here.
Such construction is simple and very effective since, for instance, in possession of a only
pair {f(x), f−1(x)} in Rq,n and their left-cyclic shifts, it is possible to provide several linear
permutations and their compositional inverses.
As a future problem, it will be interesting to analyze how many fixed points these linear
permutations/involutions have got and their behaviours, once this is a current research problem
due to applications on cryptography.
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